Introduction {#Sec1}
============

The Higgs discovery has set spin zero particles in the spotlight of searches for beyond the Standard Model (BSM) physics. This may have been the first incursion into new territory: scalar and pseudoscalar particles -- elementary or not -- as heralds of new physics.

Extra spin zero particles are in fact proposed by candidate solutions to major and pressing problems in particle physics. For instance, an option to explain the nature of dark matter (DM) is a new scalar particle within a $\documentclass[12pt]{minimal}
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                \begin{document}$$Z_2$$\end{document}$ invariant setup. A different and outstanding example is the strong CP problem of QCD, for which the paradigmatic solution relies on an anomalous global *U*(1) symmetry which is spontaneously broken; the associated (pseudo-) Nambu--Goldstone boson, the axion, is in addition an optimal candidate to explain the DM of the universe. The original formulation, the so-called PQWW axion \[[@CR1]--[@CR3]\], is now disfavoured by data, while other popular constructions that deal with the so-called invisible axion, such as the DFSZ \[[@CR4], [@CR5]\] and the KSVZ \[[@CR6], [@CR7]\] models, are still viable solutions to the strong CP problem. The magnitude of the couplings of axions to ordinary matter is inversely proportional to the scale of *U*(1) spontaneous symmetry breaking, which is much higher than the electroweak scale in the latter, "invisible", constructions. Lower axion scales are considered though in other implementations of the Peccei--Quinn solution to the strong CP problem \[[@CR8]--[@CR22]\].

Many other extensions of the Standard Model of Particle Physics (SM) feature one or several spontaneously broken global U(1) symmetries, thus predicting the existence of massless Nambu--Goldstone excitations whose couplings need not abide by the same stringent constraints of the original QCD axion: axion-like particles (ALPs). ALPs, if they get a small mass due to non-perturbative effects or other explicit symmetry breaking mechanism, are also good DM candidates and/or may affect the thermal evolution of the universe. The impact of ALPs, at both high and low energies, depends on their nature and on the type and strength of their couplings. In practice, the relevant generic characteristic of Nambu--Goldstone bosons is that they only enjoy derivative couplings, because of the underlying shift symmetry.

The ultimate nature of the Higgs particle itself is still at stake. Is this scalar elementary or composite? Should we accept the uncomfortable fine-tuning associated to the electroweak hierarchy problem as a feature of Nature or is there some dynamic explanation for it? Many of the efforts made in this direction are based on the search for symmetries which would justify a low Higgs mass. Two major frameworks are being considered: either linear realisations of electroweak symmetry breaking (EWSB), typical of weakly coupled new physics, as for instance in many supersymmetric models, or non-linear ones such as those in the so-called "composite Higgs models" and other constructions involving new strongly interacting physics. The model-independent way of formulating the ultimate exploration of the Higgs nature in low-energy data is provided by the use of effective Lagrangians: a "linear" expansion \[[@CR23], [@CR24]\] (often called SMEFT), in terms of towers of gauge invariant operators built out of SM fields and ordered by their mass dimension, is used when assuming linear realisations of EWSB, while "non-linear" expansions \[[@CR25]--[@CR31]\] -- sometimes called "chiral" or HEFT -- are the optimal instrument to treat regimes which are not necessarily weakly interacting. The non-linear formulation has the disadvantage of depending on a larger number of free parameters, while it has the advantage of being more general; in particular, it reduces to the SM Lagrangian in a particular limit.[1](#Fn1){ref-type="fn"} The non-linear expansion does not presuppose that the Higgs particle at low energies belongs to an electroweak doublet, a crucial question to be explored in the years to come.

This paper explores the physics of an extra singlet scalar which is a CP-odd (pseudo-) Nambu--Goldstone boson. We will formulate in all generality its leading CP-invariant effective couplings to SM fields, which must be purely derivative couplings when its mass is neglected. This first -- theoretical -- part is general by nature and holds for ALP scales larger than the electroweak one (in the EWSB non-linear case also larger than its implicit BSM scale). While the dominant ALP interactions in the linear -- SMEFT -- expansion have been formulated long ago \[[@CR33]\], the analogous analysis for the non-linear regime is missing and will be developed here. We will first concentrate on determining a complete basis of CP-even bosonic operators containing one ALP insertion; nevertheless, the fermionic operators are also derived in this paper, building a complete and non-redundant chiral set. The relation and differences between the dominant operators in both expansions -- linear and chiral -- will be subsequently discussed. It is interesting to note that all results to be obtained below apply as well to a different case: the complete basis of CP-odd derivative couplings of an hypothetical CP-even scalar (see also Ref. \[[@CR34]\] for a generic CP-even scalar).

Up to now, most phenomenological ALPs analyses concentrated on their couplings to photons, gluons and/or quarks, as they dominate at low energies and determine astrophysical and cosmological constraints for very light ALPs. Nevertheless, ALPs may well show up first at colliders \[[@CR35]--[@CR37]\] or in rare mesonic decays \[[@CR38], [@CR39]\], and the $\documentclass[12pt]{minimal}
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                \begin{document}$$SU(2)_L\times U(1)_Y$$\end{document}$ invariant formulation of their interactions developed here provides new beautiful channels involving the electroweak gauge bosons and the Higgs particle. In the second -- phenomenological -- part of this work, the foreseen impact of those couplings at colliders and in particular at LHC will be analyzed for the first time, identifying the new signals and performing a detailed analysis of experimental bounds and prospects.[2](#Fn2){ref-type="fn"} Unlike for the theoretical results, this search for (pseudo-) Nambu--Goldstone bosons at colliders implicitly assumes an overall ALP scale not far from the electroweak one, e.g. $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {O}}$$\end{document}$(TeV), for observability.

The structure of the paper can easily be inferred from the Table of Contents.

The ALP linear Lagrangian {#Sec2}
=========================

In linear realisations of EWSB with only SM fields at low energies, the leading-order (LO) effective Lagrangian is simply the SM one,where $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{\Phi }=i\sigma ^2\Phi ^*$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{Y}_D$$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{Y}_U$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{Y}_E$$\end{document}$ are $\documentclass[12pt]{minimal}
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                \begin{document}$$3\times 3$$\end{document}$ matrices in flavour space which encode the Yukawa couplings for down quarks, up quarks and charged leptons, respectively. Consider now an additional particle, singlet under the SM charges, which is a (pseudo-) Nambu--Goldstone boson of a spontaneously broken symmetry at energies higher than the electroweak scale *v* (set by the *W* mass). Neglecting its mass, its couplings would be pure derivative ones because of the underlying shift symmetry. Denoting by $\documentclass[12pt]{minimal}
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                \begin{document}$$f_a$$\end{document}$ the scale associated to the physics of this ALP particle *a*, insertions of the latter in effective operators will be weighted down by powers of $\documentclass[12pt]{minimal}
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                \begin{document}$$a/f_a$$\end{document}$. Focusing on interactions involving only one ALP, the next-to-leading-order (NLO) effective linear ALP Lagrangian has been determined long ago \[[@CR33]\].

In this paper we mostly focus on the bosonic operators involving *a*, determining a complete and non-redundant set. For linear EWSB realisations the most general linear bosonic Lagrangian, including only the NLO corrections involving *a*, is given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathscr {L}_{\mathrm{{eff}}}^{\mathrm{{linear}}}=\mathscr {L}^{\text {LO}}+\, \delta \mathscr {L}_a^{\mathrm{{bosonic}}}, \end{aligned}$$\end{document}$$where now the leading-order Lagrangian is the SM one plus the ALP kinetic term,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathscr {L}^{\text {LO}}=\mathscr {L}_{\mathrm{{SM}}}+\frac{1}{2}(\partial _\mu a)(\partial ^\mu a), \end{aligned}$$\end{document}$$while the NLO bosonic corrections are given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \delta \mathscr {L}_a^{\mathrm{{bosonic}}}=c_{\tilde{W}}\mathcal {A}_{\tilde{W}} +c_{\tilde{B}}\mathcal {A}_{\tilde{B}}+c_{\tilde{G}}\mathcal {A}_{\tilde{G}}+c_{a\Phi }\mathbf {O}_{a\Phi }, \end{aligned}$$\end{document}$$with$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\mathcal {A}_{\tilde{B}} =-B_{\mu \nu }\tilde{B}^{\mu \nu }\dfrac{a}{f_a},\end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\mathcal {A}_{\tilde{W}} =-W_{\mu \nu }^a\tilde{W}^{a\mu \nu }\dfrac{a}{f_a},\end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\mathcal {A}_{\tilde{G}} =-G^a_{\mu \nu }\tilde{G}^{a\mu \nu }\dfrac{a}{f_a},\end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\mathbf {O}_{a\Phi }= i (\Phi ^\dag \overleftrightarrow {D}_\mu \Phi )\frac{\partial ^\mu a}{f_a}, \end{aligned}$$\end{document}$$and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{X}^{\mu \nu }\equiv \frac{1}{2} \epsilon ^{\mu \nu \rho \sigma }X_{\rho \sigma }$$\end{document}$. The action of the shift symmetry on the first three operators, $\documentclass[12pt]{minimal}
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                \begin{document}$$a\rightarrow a+\alpha $$\end{document}$, with $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$ constant, yields$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathrm{Tr}[X_{\mu \nu }\tilde{X}^{\mu \nu }]\dfrac{a}{f_a}\equiv & {} \partial _\mu K_X^\mu \dfrac{a}{f_a}\rightarrow \partial _\mu K_X^\mu \dfrac{a+\alpha }{f_a}\nonumber \\= & {} -K_X^\mu \partial _\mu \dfrac{a}{f_a}+\dfrac{\alpha }{f_a}\partial _\mu K_X^\mu , \end{aligned}$$\end{document}$$and thus the corresponding associated current is anomalous as $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta \mathscr {L}= \dfrac{\alpha }{f_a}\partial _\mu K_X^\mu \,$$\end{document}$. Even if this correction is a total derivative, in the case of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {A}_{\tilde{G}}$$\end{document}$ the existence of instantonic configurations in the QCD Lagrangian implies that the action is modified because the integral of $\documentclass[12pt]{minimal}
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                \begin{document}$$\partial _\mu K^\mu _G$$\end{document}$ does not vanish (although a discrete version of the shift symmetry is preserved); it is nevertheless often added to the Lagrangian given its relevance for the case of the true QCD axion and the solution of the strong CP problem.[3](#Fn3){ref-type="fn"}

After electroweak symmetry breaking, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {O}_{a\Phi }$$\end{document}$ induces a two-point function contribution, tantamount to *a* acting as an additional contribution to the longitudinal component of the electroweak gauge fields. An easy way of determining its impact on observables is to trade it for a fermionic vertex \[[@CR33]\], either chirality conserving or chirality flipping, or a combination of them. For instance, the Higgs field redefinition$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Phi \rightarrow e^{ic_\Phi \, a/f_a}\Phi \end{aligned}$$\end{document}$$applied to the bosonic Lagrangian Eq. ([2](#Equ2){ref-type=""} [3](#Equ3){ref-type=""}), induces a correction stemming from the Higgs kinetic energy term (see Eq. ([1](#Equ1){ref-type=""})) which cancels exactly $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {O}_{a\Phi }$$\end{document}$ up to $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {O}}(a/f_a)$$\end{document}$, while the Yukawa terms in that equation induce a new Yukawa--axion coupling for which $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {O}_{a\Phi }$$\end{document}$ can be entirely traded (see Appendix [D](#Sec36){ref-type="sec"} for details and a general discussion of possible field redefinitions). The overall effect is thus the replacement in Eq. ([4](#Equ4){ref-type=""})$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathbf {O}_{a\Phi } \longrightarrow \mathbf {O}^\psi _{a\Phi }, \end{aligned}$$\end{document}$$where$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathbf {O}^\psi _{a\Phi }\equiv & {} i\left( \bar{Q}_L\,\mathbf{Y}_U\,{\tilde{\Phi }} u_R-\bar{Q}_L\,\mathbf{Y}_D\,\Phi d_R+\bar{L}_L\,\mathbf{Y}_E\,\Phi e_R\right) \frac{a}{f_a}\nonumber \\&+\, \mathrm{h.c.}, \end{aligned}$$\end{document}$$which exhibits a relative minus sign between the Yukawa-ALP type of interaction for up and down fermions. This coupling can then be written in a more compact way as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathbf {O}^{\psi }_{a\Phi }= i\,\frac{a}{f_{a}}\sum _{\psi =Q,\,L} \left( {\bar{\psi }}_{L}{\mathcal {\mathbf{Y}}}_{\psi }{\varvec{\Phi }}\sigma _3 \psi _{R}\right) + \mathrm{h.c.}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$Q_R\equiv \{u_R,d_R \} \, \, ( L_R\equiv \{0,e_R \} )$$\end{document}$ -- with $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _3$$\end{document}$ acting on weak isospin space -- and where the block matrices $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {\mathbf{Y}}_\psi $$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$${\varvec{\Phi }}$$\end{document}$ are defined by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\mathcal {\mathbf{Y}}_Q \equiv \mathrm{diag}\left( \mathbf{Y}_U, \mathbf{Y}_{D}\right) ,\quad \mathcal {\mathbf{Y}}_L \equiv \mathrm{diag}\left( 0, \mathbf{Y}_{E}\right) ,\nonumber \\&\quad {\varvec{\Phi }}=\mathrm{diag}({\tilde{\Phi }},\Phi ). \end{aligned}$$\end{document}$$Alternatively, using the equations of motion of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {O}_{a\Phi }$$\end{document}$ could be entirely traded by a flavour-blind and chirality-conserving fermionic operator,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathbf {O}_{a\Phi }\longrightarrow -\frac{1}{2}\,\frac{\partial _\mu a}{f_a} \sum _{ \psi =Q,\,L} \left( \bar{\psi }\gamma _\mu \gamma _5 \sigma _3 \psi \right) + \mathrm{h.c.}, \end{aligned}$$\end{document}$$where again terms with more than one axion insertion have been neglected. In this work we choose to use the chirality-flipping version of the fermionic couplings, though. In summary, the expression for $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta \mathscr {L}_a^{\mathrm{{bosonic}}}$$\end{document}$ to be used below reads$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \delta \mathscr {L}_a^{\mathrm{{bosonic}}}= & {} c_{\tilde{W}}\mathcal {A}_{\tilde{W}} +c_{\tilde{B}}\mathcal {A}_{\tilde{B}}+c_{\tilde{G}}\mathcal {A}_{\tilde{G}} +c_{a\Phi }\mathbf {O}^\psi _{a\Phi }, \end{aligned}$$\end{document}$$with $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {O}^\psi _{a\Phi }$$\end{document}$ as defined in Eq. ([13](#Equ13){ref-type=""}).

For completion, it is worth mentioning that when the complete NLO Lagrangian is considered in the linear case, additional fermionic operators are present. In fact the most general NLO ALP Lagrangian is given by \[[@CR33], [@CR40], [@CR41]\]$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \delta \mathscr {L}_a^\text {total}= & {} c_{\tilde{W}}\mathcal {A}_{\tilde{W}} +c_{\tilde{B}}\mathcal {A}_{\tilde{B}}+c_{\tilde{G}}\mathcal {A}_{\tilde{G}}\nonumber \\&+\,\frac{\partial _\mu a}{f_a}\sum _{\begin{array}{c} \psi =Q_L,\,Q_R, \\ \,L_L,\,L_R \end{array}} \bar{\psi }\gamma _\mu X_\psi \psi , \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_\Psi $$\end{document}$ are $\documentclass[12pt]{minimal}
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                \begin{document}$$3\times 3$$\end{document}$ hermitian matrices in flavour space. The chirality-conserving operator in the last term of this equation could alternatively be traded using the equations of motion (EoM) by a chirality-flipping coupling:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\frac{\partial _\mu a}{f_a}\sum _{\begin{array}{c} \psi =Q_L,\,Q_R, \\ \,L_L,\,L_R \end{array}} \bar{\psi }\gamma _\mu X_\psi \psi \, \longrightarrow \frac{ia}{f_a} \sum _{\psi = Q, L}{{\bar{\psi }}}_L {\varvec{\Phi }}\nonumber \\&\quad \times \left( X_{\psi _L} \mathbf{Y}_\psi - \mathbf {Y}_\psi X_{\psi _R} \right) \psi _R \, + \mathrm{h.c.}\end{aligned}$$\end{document}$$In this equation, the products $\documentclass[12pt]{minimal}
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                \begin{document}$$X_{\psi _L} \mathbf{Y}_\psi $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {Y}_\psi X_{\psi _R}$$\end{document}$ are completely generic matrices and in consequence, in the complete linear basis, operators of the type $\documentclass[12pt]{minimal}
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                \begin{document}$$a\,{\bar{\psi }}_L {\varvec{\Phi }} \psi _R $$\end{document}$ are not Yukawa suppressed. Note as well that it would be redundant to consider simultaneously a bosonic coupling such as $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {O}_{a\Phi }$$\end{document}$ in Eq. ([8](#Equ8){ref-type=""}) and the general fermionic couplings in Eq. ([17](#Equ17){ref-type=""}) or ([18](#Equ18){ref-type=""}), as the effects of the former are already included in the flavour-blind components of the $\documentclass[12pt]{minimal}
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                \begin{document}$$X_\psi $$\end{document}$ matrices; see Eq. ([15](#Equ15){ref-type=""}). In this paper, we concentrate on the thorough exploration of observables induced by the purely bosonic ALP couplings as expressed in Eq. ([16](#Equ16){ref-type=""}), for the case of linear EWSB realisations.

Previous phenomenological bounds {#Sec3}
--------------------------------

The experimental bounds on the couplings of axions -- and in general ALPs -- to gluons, photons and fermions have been abundantly considered in the linear EWSB scenario (see e.g. \[[@CR42]--[@CR53]\]), including as well their impact at colliders for the case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$W^\pm $$\end{document}$ gauge bosons have recently been obtained in Refs. \[[@CR38], [@CR39]\].
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                \begin{document}$$\mathcal {A}_{\tilde{W}}$$\end{document}$ -- Eqs. ([5](#Equ5){ref-type=""}) and ([6](#Equ6){ref-type=""}) -- contribute to the interaction of the ALP with two photons,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \delta \mathscr {L}_a^{\text {bosonic}} \supset - \frac{1}{4}g_{a\gamma \gamma } \,a\,F_{\mu \nu }\tilde{F}^{\mu \nu }, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$F_{\mu \nu }$$\end{document}$ denotes the electromagnetic field strength, and the dimensionful coupling $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} g_{a\gamma \gamma } =\frac{4}{f_a}\left( c_{\tilde{B}}c_\theta ^2+c_{\tilde{W}}s_\theta ^2\right) , \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$s_\theta $$\end{document}$) denotes the cosinus (sinus) of the Weinberg angle. Bounds on $\documentclass[12pt]{minimal}
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                \begin{document}$$m_a \simeq 1\,\mathrm{MeV}$$\end{document}$ the best present constraint is set by beam dump experiments, $\documentclass[12pt]{minimal}
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                \begin{document}$$g_{a\gamma \gamma } \lesssim 10^{-5}\,{\mathrm{GeV}^{-1}}$$\end{document}$ \[[@CR35], [@CR43]\], that is,$$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_a=1\,\mathrm{keV}$$\end{document}$ the combination of helioseismology, solar neutrino data observations \[[@CR44]\] and horizontal branch stars data \[[@CR45]--[@CR47]\] results in $\documentclass[12pt]{minimal}
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                \begin{document}$$c_{\tilde{W}}$$\end{document}$, may be individually subject to bounds of the same order of magnitude. Nevertheless, often symmetry reasons force a given theory to produce couplings to photons much suppressed with respect to *Z* couplings. In any case, from the point of view of effective theory they are two independent degrees of freedom: the combination orthogonal to that in Eq. ([20](#Equ20){ref-type=""}) should be probed and bounded independently. In practice, in most of the phenomenological analysis to be developed in this work the constraint$$\documentclass[12pt]{minimal}
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*Coupling to gluons* In turn, the effective ALP--gluon $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \delta \mathscr {L}_a^{\text {bosonic}} \supset - \frac{1}{4}g_{agg} \,a\,G_{\mu \nu }^a\tilde{G}^{a\mu \nu }, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$G_{\mu \nu }$$\end{document}$ denotes the QCD field strength. It receives contributions from the NLO effective operator $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} g_{agg}=\frac{4}{f_a}\,c_{\tilde{G}} \end{aligned}$$\end{document}$$can be directly constrained at energies above the QCD scale $\documentclass[12pt]{minimal}
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                \begin{document}$$\Lambda _{QCD}$$\end{document}$ via axion--pion mixing effects, and also via mono-jet searches at hadron colliders.
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                \begin{document}$$K^+ \rightarrow \pi ^+ \,\pi ^0 \,(\pi ^0 \rightarrow a)$$\end{document}$, where the pion--axion mixing arises through the anomalous coupling of mesons and of the axion to gluons \[[@CR40], [@CR55]\]. These bounds have been used to constrain $\documentclass[12pt]{minimal}
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                \begin{document}$$f_a$$\end{document}$ in contexts where the coupling of the ALP to gluons is only present due to the anomaly, i.e. where $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {L}\supset \frac{\alpha _s}{8\pi }\frac{a}{f_a}G \tilde{G}$$\end{document}$ (see, for example, Ref. \[[@CR19]\]). They can be reinterpreted in terms of the generic ALP--gluon coupling, Eq. ([24](#Equ24){ref-type=""}), yielding$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} g_{agg} \lesssim 1.1\times 10^{-5}\,{\mathrm{GeV}^{-1}} \ (90\%\,\, \text {CL}) \quad \text {for } m_a \lesssim 60\,\mathrm{MeV}.\nonumber \\ \end{aligned}$$\end{document}$$Slightly higher ALP masses have been considered at colliders, assuming only the coupling in Eq. ([24](#Equ24){ref-type=""}). Limits of order$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} g_{agg} \lesssim 10^{-4}\,{\mathrm{GeV}^{-1}}\ (95\%\,\, \text {CL}) \quad \text {for } m_a \lesssim 0.1\,\mathrm{GeV}, \end{aligned}$$\end{document}$$were obtained \[[@CR35]\] by recasting 8 TeV LHC analyses \[[@CR48], [@CR49]\].

*Coupling to fermions* Interesting bounds on ALP--fermion interactions can be obtained from several set of experimental data. For instance, considering those stemming from the purely bosonic operator $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {O}_{a\Phi }$$\end{document}$ -- see Eq. ([13](#Equ13){ref-type=""}) -- or, in other words, the flavour-diagonal couplings in the last operator in Eq. ([17](#Equ17){ref-type=""}) as expressed in Eq. ([18](#Equ18){ref-type=""}) with $\documentclass[12pt]{minimal}
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                \begin{document}$$m^{\text {diag}}_\psi $$\end{document}$ is the fermion mass matrix resulting from diagonalizing the product $\documentclass[12pt]{minimal}
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                \begin{document}$$g_{a\psi }$$\end{document}$ depends on the ALP mass range considered. The least constrained is the high-mass region, tested through rare meson decays and in DM direct detection searches (the latter being very model-dependent) \[[@CR50]\]. The former provide bounds on ALP--fermion couplings below 10 GeV and in particular Beam Dump experiments (CHARM) constraints read \[[@CR38], [@CR56]\]:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&g_{a\psi }/f_a < (3.4\times 10^{-8} - 2.9\times 10^{-6}){\mathrm{GeV}^{-1}}\ (90\%\,\, \text {CL})\nonumber \\&\qquad \text {for } 1\,\mathrm{MeV}\lesssim m_a \lesssim 3\,\mathrm{GeV}. \end{aligned}$$\end{document}$$Lighter ALPs have been tested in axion searches in Xenon100 \[[@CR52]\] through the axio-electric effect in liquid xenon (analogue of the photo-electric process with the absorption of an axion instead of a photon), bounding ALP couplings to electrons:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} g_{ae}/f_a<1.5\times 10^{-8}\,{\mathrm{GeV}^{-1}}\ (90\%\,\, \text {CL})\quad \text {for } m_a<1\,\mathrm{keV}.\nonumber \\ \end{aligned}$$\end{document}$$Finally, the strongest bounds apply to very low ALP masses. They are inferred from high-precision photometry of the red giant branch of the colour--magnitude diagram for globular clusters \[[@CR53]\]. Measurements of axionic recombination and de-excitation, Compton scattering and axion-bremsstrahlung set very strong bounds again on the coupling to electrons:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {O}_{a\Phi }$$\end{document}$ of the bosonic linear ALP basis, Eq. ([8](#Equ8){ref-type=""}), if considered by itself, via the equivalence discussed in Eqs. ([10](#Equ10){ref-type=""})--([13](#Equ13){ref-type=""}). This bound would depend on the ALP mass, and would be conservatively summarised in$$\documentclass[12pt]{minimal}
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                \begin{document}$$1\,\mathrm{MeV}$$\end{document}$ range, where the bounds from rare meson decay and DM searches are much weaker. Nevertheless, more than one effective operator can contribute to the rare processes under discussion and, in consequence, strictly speaking a bound can only be set on the corresponding combination of operators, see further below, in the same spirit that the bounds on $\documentclass[12pt]{minimal}
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                \begin{document}$$a\gamma \gamma $$\end{document}$ decay do not nullify simultaneously the two couplings in the set $\documentclass[12pt]{minimal}
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                \begin{document}$$c_{a\Phi }$$\end{document}$ will be thus left free for further exploration below.

Axion-like particles are also appealing DM candidates and further bounds apply if such a hypothesis is considered. Indeed, heavy ALPs (in the GeV--TeV mass range) have largely been searched for at colliders as weakly interacting massive particles (WIMPs). However, the phenomenological analysis in this work will focus on a low-mass region with ALP masses below the MeV range; DM candidates in this range are known as weakly interacting slim particles (WISPs) and could be produced non-thermally through the misalignment mechanism \[[@CR57]--[@CR61]\]. ALP DM candidates capable of generating the correct relic abundance call for a large enough initial field value. Because of their (pseudo-) Nambu--Goldstone nature, these ALPs are the phase of a complex field and thus have field values limited to $\documentclass[12pt]{minimal}
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                \begin{document}$$-\pi f_a< a(x) < \pi f_a$$\end{document}$, implying that standard ALP CDM (cold DM) producing the correct relic density would require large ALP scales \[[@CR62]\]: $\documentclass[12pt]{minimal}
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                \begin{document}$$f_a \gtrsim 3.2\cdot 10^{10}\,{\mathrm{GeV}} (m_0 / \mathrm{eV})^{1/4}$$\end{document}$ (smaller scale values cannot explain the totality of the relic abundance). In what follows, ALPs will not be required to account for the DM of the universe.

*Coupling to massive vector bosons* In contrast to the present constraints discussed above, the couplings of ALPs to the heavy SM bosons have been largely disregarded although they appear at NLO of the linear expansion, that is, at the same order as the pure photonic, gluonic and fermionic ALP couplings.

The associated signals stemming from the linear $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta \mathscr {L}_a^{\mathrm{{bosonic}}}$$\end{document}$ in Eq. ([16](#Equ16){ref-type=""}) are illustrated in the column on the right hand side of the Feynman rules detailed in Appendix [B](#Sec34){ref-type="sec"}; they include in particular interaction vertices of the ALP with electroweak gauge bosons such as $\documentclass[12pt]{minimal}
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                \begin{document}$$aZW^+W^-$$\end{document}$. Besides the collider signatures that will be presented in the phenomenological sections of this paper, rare decays provide an additional handle on the ALP couplings to massive vector bosons.
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                \begin{document}$$\mathcal {A}_{\tilde{W}}$$\end{document}$ by itself, the same coupling induces the subsequent ALP decay into two photons. NA48/2, NA62 and Beam Dump experiments have been analysed in this context in Ref. \[[@CR39]\], which extends to higher ALP masses the bounds in Eqs. ([21](#Equ21){ref-type=""}) and ([22](#Equ22){ref-type=""}) of Ref. \[[@CR35]\], indicating a constraint[4](#Fn4){ref-type="fn"} $$\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {A}_{\tilde{W}}$$\end{document}$, the existence of some supplementary ALP decay channel into invisible sectors that furthermore is required to be largely dominant \[[@CR39]\].

The bounds just discussed are precious and in particular the approach of having started considering just one operator at a time is a valid one. Nevertheless, with the discussed level of accuracy for $\documentclass[12pt]{minimal}
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                \begin{document}$$c_{\tilde{W}}$$\end{document}$ when considered just by itself, it may be pertinent to take into account the possible competing action of other specific ALP--SM couplings in the EFT, for instance those where the ALP would not be attached to the *W* boson but to the intermediate fermion in the loop. These stem from the fermionic couplings -- in particular the top quark coupling -- induced by the bosonic operator $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {O}_{a\Phi }$$\end{document}$ in Eq. ([16](#Equ16){ref-type=""}), or from other ALP--fermion interactions such as the generic ones in Eq. ([17](#Equ17){ref-type=""}) for the linear case. Indeed, like the analysis that lead to Eq. ([23](#Equ23){ref-type=""}), from the point of view of the effective field theory in the linear EWSB framework, only combinations of the couplings in the set$$\documentclass[12pt]{minimal}
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                \begin{document}$$c_{\psi _i}$$\end{document}$ refers to the coefficients of the fermionic couplings in the complete NLO linear ALP Lagrangian Eq. ([17](#Equ17){ref-type=""}) which are not tantamount to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_{a \Phi }$$\end{document}$ via EoM.

In this paper we will explore the complementary information that the LHC can provide in various tree-level channels, e.g. mono-*W*, which are insensitive to the presence of the operator coefficient $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_{a\Phi }$$\end{document}$ but share with the rare-decay analyses the dependence on the linear operator coefficient $\documentclass[12pt]{minimal}
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                \begin{document}$$c_{\tilde{W}}$$\end{document}$. This complementarity is also manifest as the LHC has access to a larger kinematic range. Hence the breakdown of the ALP Effective Theory, and possible discovery of new physics, may be possible at the LHC but be hidden in physics at B-factories. For these reasons, in the phenomenological sections we will obtain LHC bounds on operators involved in tree-level ALP--*W* couplings (among others) and without the prejudice from rare decays. The combined impact at LHC of $\documentclass[12pt]{minimal}
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                \begin{document}$$c_{a\Phi }$$\end{document}$ plus general ALP--fermion couplings, as well as the impact of non-linear operators on rare decays is a subject for future work.

The bosonic chiral ALP Lagrangian {#Sec4}
=================================

This section explores the leading effective couplings between an ALP and the SM fields, in the general framework of a non-linear (often referred to as chiral or HEFT) realisation of EWSB. The complete set of LO and NLO bosonic CP-even couplings involving one ALP will be determined (again, they could also be read as the complete bosonic set of derivative CP-odd couplings involving a CP-even singlet scalar). It will be assumed that the characteristic scale $\documentclass[12pt]{minimal}
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                \begin{document}$$f_a$$\end{document}$ associated to the Nambu--Goldstone boson origin of the ALP is at least of the same order of magnitude or larger than the cut-off of the BSM electroweak theory $\documentclass[12pt]{minimal}
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The chiral effective Lagrangian HEFT \[[@CR25]--[@CR31], [@CR34], [@CR63]--[@CR69]\], which in the context of generic non-linear realisations of EWSB describes the interactions among SM gauge degrees of freedom, SM fermions and a light Higgs resonance, consists of all operators invariant under Lorenz and SM gauge symmetries and written in terms of the SM spectrum with the only exception of the Higgs doublet, whose four degrees of freedom are distributed in two separate sets. On the one side, a unitary matrix $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {U}(x)$$\end{document}$ describes only the three SM would-be Nambu--Goldstone bosons \[[@CR25], [@CR70]--[@CR72]\] -- that become the longitudinal components of the gauge bosons after EWSB. On the other side, the physical Higgs particle *h* is introduced as an independent field, a generic singlet of the SM with arbitrary couplings \[[@CR25], [@CR27]--[@CR29], [@CR73]\]. For particular values of the latter parameters and correlations of the operator coefficients the usual SMEFT linear formulation would be recovered \[[@CR28], [@CR31], [@CR32], [@CR34], [@CR64]--[@CR69], [@CR74]--[@CR76]\].

The HEFT building blocks can be chosen to be the gauge field strengths $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\pi ^a(x)$$\end{document}$ denotes the longitudinal degrees of freedom of the gauge bosons and $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _a$$\end{document}$ the Pauli matrices. In this notation, the covariant derivative reads$$\documentclass[12pt]{minimal}
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                \begin{document}$$SU(2)_{L,R}$$\end{document}$ global transformations (*L*, *R*, respectively), the objects defined above transform as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\mathbf {U}(x) \rightarrow L\, \mathbf {U}(x) R^\dagger , \quad \mathbf {V}_\mu (x) \rightarrow L\, \mathbf {V}_\mu (x) L^\dagger ,\nonumber \\&\quad \mathbf {T}(x) \rightarrow L\, \mathbf {T}(x) L^\dagger . \end{aligned}$$\end{document}$$The physical Higgs particle *h* is then customarily introduced as a SM isosinglet via generic polynomial functions $\documentclass[12pt]{minimal}
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                \begin{document}$$a_i,b_i\ldots $$\end{document}$ are constant coefficients. Finally, the SM fermions are often grouped into doublets of $\documentclass[12pt]{minimal}
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                \begin{document}$$L_R\equiv (0, e_R)$$\end{document}$. The notation chosen allows an easy identification of terms breaking the custodial symmetry $\documentclass[12pt]{minimal}
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                \begin{document}$$SU(2)_R$$\end{document}$, account for breaking of the custodial symmetry in the effective operators.Table 1Couplings resulting from the bosonic axion NLO linear coupling $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {A}_{2D}$$\end{document}$, as formulated in the Lagrangians Eqs. ([16](#Equ16){ref-type=""}) and ([55](#Equ55){ref-type=""}), respectively. Only fermionic vertices survive as physical impact from $\documentclass[12pt]{minimal}
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                \begin{document}$$n\ne 1$$\end{document}$) couplings, while the latter are present in the chiral case at LO. For the complete Feynman rules see Appendix [B](#Sec34){ref-type="sec"}

The task now consists in the generalisation of the HEFT Lagrangian to include insertions of derivatives of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{F}_i(h/v)$$\end{document}$ polynomials are reminiscent of the deformed exponential Nambu--Goldstone nature of the Higgs particle in some non-linear EWSB realisations, such as "composite Higgs" models \[[@CR77]--[@CR79]\]. From this point of view, to restrict below to terms with a single $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{F}(h/v)$$\end{document}$, has been left implicit for brevity. The first line in Eq. ([44](#Equ44){ref-type=""}) accounts for the *h* and gauge boson kinetic terms, and a general scalar potential *V*(*h*). The first term in the second line describes the *W* and *Z* masses and their interactions with *h*, as well as the kinetic energy of their longitudinal components; the second term in this line is a custodial-breaking term that we will disregard in what follows, being phenomenologically extremely suppressed (for this reason sometimes it is included instead among the NLO chiral terms even if it is a two-derivative coupling). The fermion kinetic energy and Yukawa-like terms written in the mass eigenstate basis come next, with$$\documentclass[12pt]{minimal}
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                \begin{document}$$6\times 6$$\end{document}$ block-diagonal matrices containing the usual Yukawa couplings as defined in Eq. ([14](#Equ14){ref-type=""}). This notation follows the assumption that the Yukawa-type fermion--*h* couplings are aligned with the fermion masses. Finally, the last line contains the usual QCD $\documentclass[12pt]{minimal}
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*A discussion of scales* The normalisation of the operators in Eqs. ([44](#Equ44){ref-type=""})--([47](#Equ47){ref-type=""}) and in the NLO chiral corrections to be discussed below follows the Naive Dimensional Analysis (NDA) master formula for the HEFT Lagrangian as discussed in Refs. \[[@CR80]--[@CR83]\]. With this convention the gauge boson kinetic terms appear canonically normalised. In addition, the strongly interacting regime would correspond to operator coefficients of $\documentclass[12pt]{minimal}
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Furthermore, the mass parameter in front of several operators in Eqs. ([44](#Equ44){ref-type=""}) and in Eq. ([47](#Equ47){ref-type=""}) should be a generic scale *f*, which in specific models is that associated to a Nambu--Goldstone ancestry for the Higgs resonance (alike to $\documentclass[12pt]{minimal}
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                \begin{document}$$\Lambda \le 4\pi f$$\end{document}$ \[[@CR80]\]. Instead, *v* -- the electroweak scale -- is shown as explicit mass parameter for bosons and fermions in Eqs. ([44](#Equ44){ref-type=""}) and ([47](#Equ47){ref-type=""}), with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v< f$$\end{document}$: this inequality is the well-known fine-tuning of the chiral electroweak Lagrangian, necessary to recover the correct scale of the gauge boson masses. It reflects as well the fine-tuning problems of specific "composite Higgs" scenarios. For consistency *v* has been then chosen as weight in all mass-related terms in those equations; for instance a factor of $\documentclass[12pt]{minimal}
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The same fine-tuning is at the origin of the $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{F}_i(h)$$\end{document}$ functions being customarily written as generic polynomials in *h* / *v* instead of *h* / *f*; see Eq. ([41](#Equ41){ref-type=""}). It can be considered that in this parametrisation factors of *v* / *f* have been reabsorbed in the free parameters $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {F}_i(h)$$\end{document}$ insertions in the gauge bosons kinetic terms can be avoided assuming that the transverse components of the gauge fields do not couple at tree level to the Higgs sector, as has been explicitly shown in Refs. \[[@CR65], [@CR66]\] for composite Higgs models \[[@CR77]--[@CR79]\]. A similar assumption on the ALP sector prevents from writing terms of the type $\documentclass[12pt]{minimal}
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The NLO ALP operators {#Sec5}
---------------------

The complete list of HEFT CP-even bosonic operators at NLO is known \[[@CR28], [@CR31], [@CR64]\] and will not be further discussed. We address here the NLO bosonic chiral interactions involving one insertion of $\documentclass[12pt]{minimal}
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The "penalisation" of the operator coefficients by inverse powers of $\documentclass[12pt]{minimal}
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                \begin{document}$$4\pi $$\end{document}$ is a most conservative choice of their possible value, which reflects the NDA normalisation of the chiral sector \[[@CR80]--[@CR83]\] in which $\documentclass[12pt]{minimal}
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                \begin{document}$$~{\mathcal {O}}(f/v)$$\end{document}$ in that limit; see the discussion at the end of Sect. [3](#Sec4){ref-type="sec"}. Analogous reasoning applies to vertices with more than one Higgs leg.

Two-point functions {#Sec6}
-------------------

The last NLO operator in Eq. ([49](#Equ49){ref-type=""}), $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {A}_{17}(h)$$\end{document}$, introduces a *Z*--*a* two-point function alike to that from the LO coupling $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {A}_{2D}(h)$$\end{document}$, albeit with a higher momentum dependence. That is, both operators feed derivatives of the ALP field into the longitudinal components of the *Z* boson, in addition to the usual derivative of the SM would-be Nambu--Goldstone neutral field:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathbf {U}(x) \rightarrow \mathbf {U}(x) \,\exp \left\{ \frac{2i}{ f_a} \left( c_{2D}\, a(x)+c_{17}\frac{1}{16\pi ^2 v^2}\,\square a(x)\right) \sigma ^3\right\} ,\nonumber \\ \end{aligned}$$\end{document}$$which translates also in contributions to the definition of the gauge fixing terms, the mass term for the gauge bosons and the Yukawa couplings (see also Ref. \[[@CR34]\] for a similar discussion in the context of CP-odd effective operators within non-linearly realised EWSB). The net physical impact is:The introduction of new fermionic couplings, alike to those fully equivalent in the linear case to the bosonic operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {O}_{a\Phi }$$\end{document}$; see Eqs. ([10](#Equ10){ref-type=""})--([16](#Equ16){ref-type=""}).The presence in addition of *aZh* and other vertices of the form $\documentclass[12pt]{minimal}
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                \begin{document}$$(v+h)^2$$\end{document}$).The purely bosonic couplings cannot be thus completely traded by fermionic ones in the generic case of non-linear EWSB. This is remarkable, as it implies that *aZh* couplings could be then expected among the dominant signals of ALPs, at variance with linear realisations in which they are only expected at NNLO (as argued in Sect. [4](#Sec8){ref-type="sec"} below). This comparison is illustrated in Table [1](#Tab1){ref-type="table"}.
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The bosonic chiral ALP basis {#Sec7}
----------------------------

In summary, the resulting bosonic ALP Lagrangian up to NLO couplings can be written, after the redefinition in Eq. ([52](#Equ52){ref-type=""}), as the sum of 23 terms, besides the kinetic term:$$\documentclass[12pt]{minimal}
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Linear vs. non-linear expansions {#Sec8}
================================

The results in the previous sections on bosonic ALP--SM interactions uncovered a plethora of effective couplings in the bosonic sector of the chiral expansion, in contrast with the mere four operator structures of the linear one shown in Eq. ([17](#Equ17){ref-type=""}), when both Lagrangians are considered up to NLO. All ALP couplings are NLO ones in the linear case, while one of the chiral set ($\documentclass[12pt]{minimal}
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Three operators are exactly the same in both expansions. They are those with an "anomalous-type" structure of the form $\documentclass[12pt]{minimal}
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*Common/distinctive phenomenological signals* Interaction vertices predicted by both expansions include the well-known ALP--photon and ALP--gluon couplings, and in addition the yet mainly unexplored $\documentclass[12pt]{minimal}
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Distinctive signals are those only present in the chiral EWSB Lagrangian at the order considered, which are: (i) extra ALP--gauge boson vertices $\documentclass[12pt]{minimal}
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A natural question about the bosonic ALP--Higgs interactions is how come those $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(Z_\mu \partial ^\mu a) h^n$$\end{document}$ couplings with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\mathcal{F}_{2D}(h)$$\end{document}$, see Eqs. ([41](#Equ41){ref-type=""}), ([44](#Equ44){ref-type=""}) and ([47](#Equ47){ref-type=""}). Would those two functions be equal, as it happens in the linear expansion, all bosonic ALP vertices involving the Higgs would also be redefined away completely in the chiral expansion at LO and NLO. Furthermore, even if the difference between the $\documentclass[12pt]{minimal}
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                \begin{document}$$(Z_\mu \partial ^\mu a) h^n,\, n\ge 1$$\end{document}$ couplings would still be phenomenologically considered NLO effects, which means in any case higher strength expected than in linear realisations of EWSB (where they start to appear only at NNLO).

The phenomenology of the ALP couplings to heavy SM bosons will be explored in Sects. [6](#Sec10){ref-type="sec"} and [7](#Sec18){ref-type="sec"} below.

Assumptions and validity of the EFT {#Sec9}
===================================

The theoretical results in the previous sections focussed on a generic Nambu--Goldstone boson, singlet under the SM, identifying all bosonic derivative couplings at LO in the linear and chiral expansions (a complete set including fermionic ones was also derived and for the chiral case they can be found in Appendix [A](#Sec33){ref-type="sec"}). They hold independently of whether the -- unknown -- underlying global symmetry is exact or slightly and explicitly broken, that is, of whether the ALP is indeed exactly massless or not, as far as its mass is negligible compared to the typical momenta considered. A few considerations are nevertheless in order before moving to the phenomenological analysis of ALPs signatures at colliders.

*Validity of the EFT* For the effective Lagrangian description to be valid, the relevant suppression scale, in this case $\documentclass[12pt]{minimal}
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                \begin{document}$$f_a$$\end{document}$ considered.for all other processes analyzed. is the highest data bin in a given analysis for each value of $\documentclass[12pt]{minimal}
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                \begin{document}$$\sqrt{\hat{s}}$$\end{document}$ for each analyzed signal, obtained from Monte Carlo. For binned analyses, the signal event fraction for which in different bins may then be discarded. We will explicitly use this procedure for the mono-*W* and mono-*Z* analyses in Sects. [6.3](#Sec13){ref-type="sec"} and [7.1](#Sec19){ref-type="sec"}, and discuss the impact of the strict validity criterion on the bounds/sensitivities on $\documentclass[12pt]{minimal}
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On a different note, we stress that as the chiral expansion has an implicit BSM electroweak scale $\documentclass[12pt]{minimal}
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                \begin{document}$$\Lambda /f_a$$\end{document}$ hierarchy sustains the choice of restraining the analysis to vertices involving only one ALP.

*ALP stability at the LHC and its mass* In the LHC phenomenological exploration to follow, it will be assumed that the ALP is stable on collider scales, thus escaping the detector as missing transverse energy . This further restricts the range of values of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_a$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_a$$\end{document}$, appropriate for the concrete numerical analysis below, given the various interactions of *a* that could allow its decay -- see Eqs. (FR.1)--(FR.7) and (FR.17)--(FR.19) in Appendix [B](#Sec34){ref-type="sec"}. The valid $\documentclass[12pt]{minimal}
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                \begin{document}$$m_a$$\end{document}$ range should be specified for a correct interpretation of the collider results: because of the assumed stability, all phenomenological results to be obtained below hold for ALP masses $\documentclass[12pt]{minimal}
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                \begin{document}$$m_a\le 1$$\end{document}$ MeV, without any additional assumption as regards which channels may be open. The ratio between the ALP mass $\documentclass[12pt]{minimal}
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                \begin{document}$$f_a$$\end{document}$ scales of at least a few TeV.

For ALP masses above the MeV, the signals to be studied below may also be present even if the pattern is altered, accompanied by new ones which can be used to precisely test the couplings through which the ALP may decay within the detector (e.g. leptonic couplings).[7](#Fn7){ref-type="fn"} This would require an extended dedicated study.
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                \begin{document}$${\underline{a\rightarrow \gamma \gamma }}$$\end{document}$ This decay is constrained by astrophysical observations, as detailed at the end of Sect. [2](#Sec2){ref-type="sec"}. The distance *d* covered in the laboratory frame by an ALP before decaying can be estimated as $$\documentclass[12pt]{minimal}
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                \begin{document}$$\vec {p}_a$$\end{document}$ are, respectively, the proper lifetime, width and three-momentum of the *a* particle, and *c* denotes the speed of light. Restricting the width to $\documentclass[12pt]{minimal}
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                \begin{document}$$|\vec {p}_a|$$\end{document}$ is typically of the order of the missing energy of the candidate signals, selected imposing a minimum cut, which for instance using ATLAS and CMS data is $\documentclass[12pt]{minimal}
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                \begin{document}$$\gtrsim \mathcal{O}( 100)$$\end{document}$ GeV. Thus, within the allowed range for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g_{a\gamma \gamma }$$\end{document}$ and , the ALP always covers an enormous distance -- many orders of magnitude larger than the LHC detectors size ($\documentclass[12pt]{minimal}
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                \begin{document}$$m_a$$\end{document}$. ALP masses above the MeV range and up to hundreds of MeV could be considered without risking two-photon ALP decay in the data analyzed[8](#Fn8){ref-type="fn"} by raising the minimum cut imposed on data, but this would open the $\documentclass[12pt]{minimal}
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                \begin{document}$${\underline{a\rightarrow \gamma \nu \bar{\nu }}}$$\end{document}$ Analogously, this process does not affect the stability of the ALP particle at the LHC. It could be mediated by the ALP--*Z*--$\documentclass[12pt]{minimal}
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                \begin{document}$$Z^{\mu \nu }$$\end{document}$ denotes the *Z*-boson field strength. The decay width shows a very strong dependence on the mass of the ALP, due to a peculiar cancellation occurring in the phase-space integration. In the limit $\documentclass[12pt]{minimal}
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Phenomenological analysis I: new bounds {#Sec10}
=======================================

In this section we derive new constraints on the operator coefficients using LEP and LHC Run I and II data. Table [2](#Tab2){ref-type="table"} summarises the observables/processes which are sensitive to the various effective operator coefficients, to be considered in this and the next section.

Unless otherwise specified, we will consider the effect of one operator at a time. Note that the dependence of the signal cross section $\documentclass[12pt]{minimal}
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ALP coupling to *Z*-photon {#Sec11}
--------------------------
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ALP coupling to *Z*-Higgs: non-standard Higgs decays {#Sec12}
----------------------------------------------------

As shown in Sect. [3.2](#Sec6){ref-type="sec"} and Appendix [D](#Sec36){ref-type="sec"}, the presence of the coupling *aZh* is a characteristic feature of the non-linear effective Lagrangian, as in the linear expansion it would only be expected at NNLO. We propose here for the first time to use non-standard Higgs channels to bind couplings of the ALP to the Higgs particle. Consider a range of ALP masses such that it allows the Higgs particle to decay into *Za*. The presence of non-standard decay modes of the Higgs is constrained by ATLAS and CMS global fits to Higgs signal strengths. Current constraints on the Higgs non-standard branching fraction $\documentclass[12pt]{minimal}
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The above limits are expected to improve significantly at the high-luminosity phase of LHC (HL-LHC). For example, Ref. \[[@CR89]\] estimates that a bound$$\documentclass[12pt]{minimal}
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An alternative approach to tackle $\documentclass[12pt]{minimal}
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We now study the production of *a* in association with a *W* and a *Z* boson, as illustrated in Fig. [2](#Fig2){ref-type="fig"}. Since the ALP escapes the LHC detectors as missing transverse energy , this yields, respectively, "mono-*W*" \[[@CR95]\] and "mono-*Z*" \[[@CR96]--[@CR100]\] signatures. Both channels are being currently searched for by the ATLAS and CMS experimental collaborations. In this section we use their studies from public Run II data to set limits on the presence of different ALP effective operators that contribute to these signals.Fig. 2Feynman diagrams contributing to mono-*W* and mono-*Z* production Fig. 3Transverse mass $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_T$$\end{document}$ distribution for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a\,W^{\pm }$$\end{document}$ ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W^{\pm } \rightarrow \ell ^{\pm } \nu _{\ell }$$\end{document}$) production in the final state (*left*) and final state (*right*), generated from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {A}_{\tilde{W}}$$\end{document}$ (*green*), $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {A}_2$$\end{document}$ (*purple*), $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {A}_6$$\end{document}$ (*orange*) and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {A}_8$$\end{document}$ (*yellow*). Also shown are the binned experimental data and dominant backgrounds from the 13 TeV $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(3.3\,{\mathrm {fb}}^{-1})$$\end{document}$ ATLAS analysis \[[@CR102]\]

### Analysis tools {#Sec14}
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### Statistical tools {#Sec15}
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We are targeting in this paper bosonic couplings of the ALP particle, and here in particular ALP couplings to electroweak gauge bosons, as illustrated in Fig. [2](#Fig2){ref-type="fig"}. Let us first concentrate on the ALP production in association with a *W* boson, as illustrated in Fig. [2](#Fig2){ref-type="fig"}(left). It is possible to derive limits on the coefficient of each effective operator contributing to this process from LHC Run II data at $\documentclass[12pt]{minimal}
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The couplings that may contribute to this process are the custodial-invariant $\documentclass[12pt]{minimal}
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Consider now ALP production in association with a *Z* boson, in hadronic collisions, as illustrated in Fig. [2](#Fig2){ref-type="fig"} (centre and right). The recent CMS search \[[@CR104]\] with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sqrt{s} = 13\,\mathrm{TeV}$$\end{document}$ and integrated luminosity $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2.3~{\mathrm {fb}}^{-1}$$\end{document}$ will be used to estimate present sensitivities to various Wilson coefficients. Table [2](#Tab2){ref-type="table"} summarises the couplings which may a priori contribute to a mono-*Z* signal among those in the chiral basis, Eqs. ([47](#Equ47){ref-type=""}) and ([49](#Equ49){ref-type=""}). It will be argued next that only $\documentclass[12pt]{minimal}
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The distribution for signal and background will be used as kinematic discriminator, applying the same tools and procedure described at the beginning of Sect. [6.3](#Sec13){ref-type="sec"}. In order to optimise the search, the following preselection and selection cuts are applied: $\documentclass[12pt]{minimal}
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The remaining ALP--gauge boson interactions which may induce a mono-*Z* signal are the custodial-invariant operators $\documentclass[12pt]{minimal}
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This section explores the sensitivity prospects for constraining the effective ALP couplings to SM bosons at the HL-LHC, as well as the analysis strategy sensitive to the linear/non-linear character of the underlying EWSB mechanism. Assuming thus proton--proton collisions at c.o.m. energy $\documentclass[12pt]{minimal}
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A special role is played by the Higgs-ALP couplings associated to $\documentclass[12pt]{minimal}
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Relevant information about the structure of the ALP couplings can be inferred both by analyzing the different signatures independently and by studying their interplay. As some effective operators contribute to several processes, a combined analysis may be necessary in order to access the individual Wilson coefficients. Furthermore, the study of (de)correlations between the various putative signals serves as a good probe of the degree of EWSB non-linearity.Table 4Projected $\documentclass[12pt]{minimal}
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Mono-*W* and mono-*Z* signatures {#Sec19}
--------------------------------

The result of extending the analysis in Sect. [6.3.1](#Sec16){ref-type="sec"} to the projected sensitivity in $\documentclass[12pt]{minimal}
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Finally, mono-*W* and mono-*Z* signals may turn out to be especially prominent as phenomenological signals of the complete NLO ALP basis, in particular of ALP--fermion couplings in the chiral EWSB case. For instance, the $\documentclass[12pt]{minimal}
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### Strategy for a combined analysis {#Sec20}

As is apparent from the discussion above, the interplay between mono-*Z* and mono-*W* signatures may be relevant as a way of disentangling the presence of non-linearity in the Higgs sector. Up to NLO in both expansions and barring extreme fine-tunings of operator coefficients, the cross sections for those two processes are:Strongly correlated in the linear case, being both controlled by the coefficient $\documentclass[12pt]{minimal}
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The results for the cross sections are summarised in Fig. [7](#Fig7){ref-type="fig"} (top) in the $\documentclass[12pt]{minimal}
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We stress that the considerations in this subsection are aimed at discussing the expected relative strength of the mono-*W* and mono-*Z* observables in a purely qualitative way, having in mind future hadronic machines in general. Indeed, besides the strong dependence of the results on the kinematical cuts chosen, no consideration of backgrounds has been taken into account here. This is in contrast to the detailed phenomenological analysis at the beginning of the subsection, where it was shown that only the deviations stemming from $\documentclass[12pt]{minimal}
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                \begin{document}$$pp\rightarrow a W^\pm \gamma $$\end{document}$ {#Sec21}
--------------------------------------------------------------------------------

Consider next ALP production in association with both a *W* boson and a photon, as illustrated in Fig. [6](#Fig6){ref-type="fig"}(i) and (ii). Examining the interactions in the chiral effective Lagrangian Eq. ([49](#Equ49){ref-type=""}), it is easy to see that those couplings exhibit a particularly interesting combined potential for disentangling the presence of different effective operators:$$\documentclass[12pt]{minimal}
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The first process in Eq. ([87](#Equ87){ref-type=""}) leads to the striking mono-*W* signal being already searched by LHC collaborations and whose physics impact has been explored in Sects. [6.3.1](#Sec16){ref-type="sec"} and [7.1](#Sec19){ref-type="sec"}. The second process leads to $\documentclass[12pt]{minimal}
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### Decorrelating power {#Sec22}

The vertices in Figs. [2](#Fig2){ref-type="fig"} (left) and [6](#Fig6){ref-type="fig"} contribute simultaneously to the production of *a* and $\documentclass[12pt]{minimal}
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We consider for illustration the simultaneous action of $\documentclass[12pt]{minimal}
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Nevertheless, our results indicate that, within the foreseen experimental prospects, no sensitivity is expected via mono-*W* and $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{a}_{2D}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{a}_3$$\end{document}$ are phenomenologically dominant, as the other coefficients enter the coupling with an extra suppression. The compact notation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{a}_i\equiv c_i a_i$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{b}_i\equiv c_i b_i$$\end{document}$ has been adopted

Higgs signatures {#Sec23}
----------------

Bosonic ALP--Higgs couplings are an interesting class of new signals which may be observable only within non-linear realisations of EWSB. Indeed, in the latter case $\documentclass[12pt]{minimal}
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The set of operators in the Lagrangian Eq. ([48](#Equ48){ref-type=""}) contributing a priori to those signals are $\documentclass[12pt]{minimal}
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The spectrum can be used to disentangle the new interactions from the SM background. This applies in particular to $\documentclass[12pt]{minimal}
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In order to quantify the potential for observing in future LHC data a mono-Higgs signal generated by either of the two operators $\documentclass[12pt]{minimal}
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### One operator at a time {#Sec25}

In a first stage, each of the two relevant operators, $\documentclass[12pt]{minimal}
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In this case of simultaneous consideration, the shape of the distribution after applying the analysis cuts can be estimated, for an arbitrary choice of $\documentclass[12pt]{minimal}
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The results are shown in the scatter plot in Fig. [13](#Fig13){ref-type="fig"}. The yellow (orange) points are those for which there exists a lower cut within the EFT validity region, which allows one to observe a mono-Higgs signature with a significance of least 2 (5) $\documentclass[12pt]{minimal}
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As with the previous study, the results obtained for projected mono-Higgs searches in the $\documentclass[12pt]{minimal}
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As a result of the combination of the existing bound with the projected reach, it appears that mono-Higgs searches may be useful for probing a relevant region of the parameter space, namely that with $\documentclass[12pt]{minimal}
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In conclusion, if interpreted in terms of the presence of a light pseudo-Goldstone boson, and barring fine-tunings, the observation of a mono-Higgs signature at the LHC represents a smoking gun of non-linearity in the EWSB sector, as couplings such as $\documentclass[12pt]{minimal}
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### A comment on di-Higgs production {#Sec27}

The *aZhh* interaction allows for di-Higgs final state, due to a quark-initiated production via Drell--Yan (see Fig. [10](#Fig10){ref-type="fig"} (right)). This is in contrast to di-Higgs production in the SM, which is exclusively gluon-fusion initiated. Moreover, the presence of in the final state could serve as an additional handle to suppress SM backgrounds to the di-Higgs process. This discussion highlights that *a*--*h* interactions could constitute a very promising avenue for non-linear ALP phenomenology at the LHC, which we intend to explore in the future.

Coupling to fermions {#Sec28}
--------------------

In this paper we have focussed on the relation of the ALP with the EWSB sector via bosonic operators, and explored the impact of couplings of the ALP to SM bosons. However, in Sects. [2](#Sec2){ref-type="sec"} and [3](#Sec4){ref-type="sec"} we noticed that bosonic operators would lead to ALP--fermion couplings via a field redefinition.

Although the bounds we obtained in Eqs. ([33](#Equ33){ref-type=""}) and ([57](#Equ57){ref-type=""}) when considering operators one at a time are very strong, it is worth exploring complementary searches at the LHC. The structure of these fermionic couplings is very specific, proportional to the Yukawa matrices; see the Feynman rules in Appendix [B](#Sec34){ref-type="sec"}. One would then expect the ALP to couple more strongly to third generation quarks, provided the matrices $\documentclass[12pt]{minimal}
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For ALPs stable on LHC scales, this final state is similar to searches for supersymmetric scenarios, where two stops are strongly produced and produce a signature of $\documentclass[12pt]{minimal}
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This type of analysis opens the way to further phenomenological explorations of the fermionic signals associated to ALP production. This is most relevant and promising in order to tackle the ALP--fermionic couplings identified in Appendix [A](#Sec33){ref-type="sec"}, which are part of the complete NLO basis of operators -- bosonic and fermionic -- involving one ALP and established in this work. See also the phenomenological signals discussed just before Sect. [7.1.1](#Sec20){ref-type="sec"}.

Summary and outlook {#Sec29}
===================

In this paper we have developed a systematic approach to describe interactions of an axion or an axion-like particle (ALP) with special attention to the sector responsible for electroweak symmetry breaking (EWSB), obtaining the complete -- bosonic and fermionic -- NLO Lagrangian in the case that the latter is non-linearly realised. With this theoretical framework in place, we have then studied new collider phenomenology associated with ALPs, as well as explored the sensitivity of the LHC in the high-luminosity phase (HL-LHC). Both the approach and the phenomenological results in this paper are novel, and they will hopefully guide new searches at the LHC and the study of complementarity with other experiments at lower energies.Fig. 15Summary of the most significant constraints stemming from the studies on tree-level ALP couplings presented in this work, upon the assumption $\documentclass[12pt]{minimal}
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                \begin{document}$$\sqrt{s}=13\,\mathrm{TeV}$$\end{document}$; see Sect. [7](#Sec18){ref-type="sec"}. Systematic uncertainties are taken into account for the present constraints but are neglected in the projected ones

Theoretical developments {#Sec30}
------------------------

Neglecting ALP masses, we have developed a complete list of bosonic operators under two scenarios, with EWSB linearly and non-linearly realised, valid in all generality for any value of the axionic scale larger than the electroweak scale (and in the non-linear case also larger than its implicit electroweak BSM scale). In the linear case, in which the couplings involving an ALP first appear at $\documentclass[12pt]{minimal}
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                \begin{document}$$(\Phi ^\dag \overleftrightarrow {D}_\mu \Phi )\frac{\partial ^\mu a}{f_a}$$\end{document}$, which induces a contribution to the two-point function involving *longitudinal* gauge bosons, and can be removed via a Higgs field redefinition. This redefinition generates new couplings of the ALP to fermions, with the distinctive feature of being proportional to the Yukawa couplings.

In the non-linear realisation, we have employed a systematic approach to classify the new operators order-by-order, and much care has been paid to define the expansion in both its non-linear and ALP sectors. A complete and non-redundant basis of operators involving an ALP has been determined, even though the impact analysis has focussed on the bosonic couplings. Several interesting features arise when considering ALPs coupled to a non-linear realisation of EWSB, in particular the existence -- already at the leading order in the derivative expansion -- of interaction vertices involving the Higgs and gauge bosons with the ALP. This is due to the fact that the two-point function stemming from the operator $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {A}_{2D}$$\end{document}$ cannot be entirely traded by fermionic couplings (in contrast to the linear case above). Additionally, we find that the non-linear effects induce new Lorentz structures beyond those in the *traditional* (linear) ALPs couplings.

Furthermore, a detailed comparison of the differences and correspondences between the operators in the linear and non-linear setups has been developed, as well as a prospective study on how to disentangle a priori both expansions if a signal is found.

For the most part, phenomenological studies on the ALP effective Lagrangians have focussed on couplings to photons, gluons and fermions. However, if the ALP couples to photons SM gauge invariance also implies the existence of similar couplings to the massive gauge bosons, irrespective of whether the mechanism behind EWSB gives rise to a linear or a non-linear expansion.

In this paper we have obtained new constraints on ALP couplings to SM particles, as well as provided a guide for future searches of ALPs and the sensitivity HL-LHC could reach, for ALP scales of $\documentclass[12pt]{minimal}
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Current constraints {#Sec31}
-------------------

We started by looking at new constraints on (linear) ALP couplings to hypercharge and left interactions. In particular, we looked for observables sensitive to the linear combination of $\documentclass[12pt]{minimal}
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To account for the strong constraints on the value of $\documentclass[12pt]{minimal}
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                \begin{document}$$ c_{\tilde{B}}\simeq - t_\theta ^2 c_{\tilde{W}}$$\end{document}$ in our analyses, effectively reducing the number of parameter by one. In Fig. [15](#Fig15){ref-type="fig"} one can see that LEP constraints on the invisible width of the *Z* boson and LHC searches for final states with one massive boson and missing energy (mono-*Z* and mono-*W* channels) provide handles to probe the Wilson coefficient $\documentclass[12pt]{minimal}
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We also discussed the impact on bounds from rare decays to mesons and missing energy, and how they provide a complementary approach to accelerator searches. Besides the stringent constraints existing in the literature on $\documentclass[12pt]{minimal}
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In non-linear realisations of EWSB in particular, many other operators affect LHC physics. For ALP masses under 3 GeV, data on rare meson decays allowed one to strongly bound $\documentclass[12pt]{minimal}
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                \begin{document}$$c_{2D}$$\end{document}$ if considered by itself. Furthermore, of particular interest are operators which induce new type of couplings, specifically new couplings of the ALP to Higgs particles, e.g. ALP--*Zh* or ALP--*Zhh*, which are dominantly generated by the non-linear operators $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {A}_{10}$$\end{document}$. In the LHC RunI the coupling ALP--*Zh* can be probed via non-standard Higgs decays; if the impact of the different operators contributing is considered one at a time, a bound on $\documentclass[12pt]{minimal}
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### Future sensitivity {#Sec32}

We then moved on to examine the capability of the HL-LHC to search for ALPs. Apart from improvements on current channels (non-standard Higgs decays, mono-*W* and mono-*Z*), we proposed and evaluated possible new channels at 13 TeV which could dramatically change our understanding of ALPs both in the linear and non-linear realisations.

Future improvements of mono-*Z* searches with 3 ab$\documentclass[12pt]{minimal}
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                \begin{document}$$f_a/c_{\tilde{W}}$$\end{document}$ to above 20 TeV. But the most striking signatures stemming from bosonic operators, i.e. mono-Higgs and associated $\documentclass[12pt]{minimal}
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                \begin{document}$$W^\pm \gamma $$\end{document}$ production plus missing energy, would access the non-linear operators mentioned before, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {A}_6$$\end{document}$. We also propose the study of different channels, like mono-*W* in combination with $\documentclass[12pt]{minimal}
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                \begin{document}$$aW\gamma $$\end{document}$ production, to disentangle the presence of two different operators. On the other hand, the very sensitive mono-*Z* and mono-*W* signals may play a specially important role in probing fermion--ALP interactions; this will be tackled in a future study.

Besides these signals, we proposed to use the searches on stops in on-shell top final states to look for ALPs, whose couplings to quarks are derived from couplings to the bosonic sector and are proportional to the fermion mass.

This study motivates further work on ALP physics beyond the usual framework of couplings to photons and gluons, and more emphasis was placed on the effects in the sector responsible for electroweak symmetry. Additionally, we propose to perform dedicated experimental analyses in channels like mono-Higgs and new channels involving the ALP and two bosons in the final state, such as $\documentclass[12pt]{minimal}
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                \begin{document}$$W^\pm \gamma $$\end{document}$ and missing energy.

Although in this paper we presented a rather comprehensive analysis of the effective theory for ALPs as well as their phenomenology, there are a number of open issues that deserve further study. To name a few: the extension of the collider analysis to higher ALP mass regions (including signals from ALP decays), the study of vector-boson fusion channels, the analysis of ALP--fermion signals to probe the complete NLO basis of operators -- bosonic and fermionic -- established in this work, the combination of collider constraints with lower-energy experiments (particularly rare decays of mesons), and the evaluation of modifications to the history of the axion in the early universe due to the non-linear effects.

Fermionic chiral ALP Lagrangian and complete basis {#Sec33}
==================================================

In what follows, a complete basis of operators -- bosonic plus fermionic -- which include an ALP insertion is determined, up to NLO for the chiral EWSB. Consider the following set of independent fermionic structures, assuming only one flavour family:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathcal {B}^q_1=&\bar{Q}_L\mathbf {U}Q_R\,\partial _\mu \dfrac{a}{f_a}\partial ^\mu \mathcal {F}(h),\nonumber \\ \mathcal {B}^\ell _1=&\bar{L}_L\mathbf {U}L_R\,\partial _\mu \dfrac{a}{f_a}\partial ^\mu \mathcal {F}(h),\nonumber \\ \mathcal {B}^q_2=&\bar{Q}_L\mathbf {T}\mathbf {U}Q_R\,\partial _\mu \dfrac{a}{f_a}\partial ^\mu \mathcal {F}(h),\nonumber \\ \mathcal {B}^q_3=&\bar{Q}_L\mathbf {V}_\mu \mathbf {U}Q_R\,\partial ^\mu \dfrac{a}{f_a}\mathcal {F}(h),\nonumber \\ \mathcal {B}^q_4=&\bar{Q}_L\left\{ \mathbf {V}_\mu ,\mathbf {T}\right\} \mathbf {U}Q_R\,\partial ^\mu \dfrac{a}{f_a}\mathcal {F}(h),\nonumber \\ \mathcal {B}^\ell _2=&\bar{L}_L\left\{ \mathbf {V}_\mu ,\mathbf {T}\right\} \mathbf {U}L_R\,\partial ^\mu \dfrac{a}{f_a}\mathcal {F}(h),\nonumber \\ \mathcal {B}^q_5=&\bar{Q}_L\left[ \mathbf {V}_\mu ,\mathbf {T}\right] \mathbf {U}Q_R\,\partial ^\mu \dfrac{a}{f_a}\mathcal {F}(h),\nonumber \\ \mathcal {B}^\ell _3=&\bar{L}_L\left[ \mathbf {V}_\mu ,\mathbf {T}\right] \mathbf {U}L_R\,\partial ^\mu \dfrac{a}{f_a}\mathcal {F}(h),\nonumber \\ \mathcal {B}^q_6=&\bar{Q}_L\mathbf {T}\mathbf {V}_\mu \mathbf {T}\mathbf {U}Q_R\,\partial ^\mu \dfrac{a}{f_a}\mathcal {F}(h),\nonumber \\ \mathcal {B}^q_7=&\bar{Q}_L\sigma ^{\mu \nu }\mathbf {V}_\mu \mathbf {U}Q_R\,\partial ^\mu \dfrac{a}{f_a}\mathcal {F}(h),\nonumber \\ \mathcal {B}^q_8=&\bar{Q}_L\sigma ^{\mu \nu }\left\{ \mathbf {V}_\mu ,\mathbf {T}\right\} \mathbf {U}Q_R\,\partial ^\mu \dfrac{a}{f_a}\mathcal {F}(h),\nonumber \\ \mathcal {B}^\ell _4=&\bar{L}_L\sigma ^{\mu \nu }\left\{ \mathbf {V}_\mu ,\mathbf {T}\right\} \mathbf {U}L_R\,\partial ^\mu \dfrac{a}{f_a}\mathcal {F}(h),\nonumber \\ \mathcal {B}^q_9=&\bar{Q}_L\sigma ^{\mu \nu }\left[ \mathbf {V}_\mu ,\mathbf {T}\right] \mathbf {U}Q_R\,\partial ^\mu \dfrac{a}{f_a}\mathcal {F}(h),\nonumber \\ \mathcal {B}^\ell _5=&\bar{L}_L\sigma ^{\mu \nu }\left[ \mathbf {V}_\mu ,\mathbf {T}\right] \mathbf {U}L_R\,\partial ^\mu \dfrac{a}{f_a}\mathcal {F}(h),\nonumber \\ \mathcal {B}^q_{10}=&\bar{Q}_L\sigma ^{\mu \nu }\mathbf {T}\mathbf {V}_\mu \mathbf {T}\mathbf {U}Q_R\,\partial ^\mu \dfrac{a}{f_a}\mathcal {F}(h). \end{aligned}$$\end{document}$$Would the neutral components be added to the $\documentclass[12pt]{minimal}
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                \begin{document}$$L_R\equiv (0,E_R)$$\end{document}$, the number of leptonic operators above would double. When considering several generations, each of the structures in Eq. ([94](#Equ94){ref-type=""}) encodes all possible independent flavour operators $\documentclass[12pt]{minimal}
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A complete basis can be constructed combining the set of fermionic operators above with the bosonic Lagrangian in Eq. ([55](#Equ55){ref-type=""}) while avoiding redundancies. This can be enforced using the EoM which may relate some bosonic and fermionic operators. Given the form of the chiral LO Lagrangian in Eq. ([43](#Equ43){ref-type=""}), the relevant EoMs read $$\documentclass[12pt]{minimal}
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Feynman rules for the bosonic basis {#Sec34}
===================================

This section provides a complete list of the Feynman rules for vertices involving an ALP and resulting from the NLO linear Lagrangian Eq. ([16](#Equ16){ref-type=""}) and the chiral one Eq. ([55](#Equ55){ref-type=""}), up to four legs. The coefficients $\documentclass[12pt]{minimal}
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Linear siblings {#Sec35}
===============

The interaction vertices described by the chiral operators in Sect. [3](#Sec4){ref-type="sec"} can also be described in the context of linearly realised EWSB, through linear operators in which the Higgs resonance is embedded within the SM Higgs doublet. In this section, the connection between the two expansions is shown. Operators up to NNLO of the linear expansion have to be taken into account in order to encompass all the interaction vertices appearing in the chiral framework up to NLO. The chiral couplings involving an ALP discussed in this work can be grouped as those
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Effects of fields redefinitions {#Sec36}
===============================

The field redefinitions performed to remove the *a*--*Z* two-point function stemming from the operator $\documentclass[12pt]{minimal}
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Linear EFT {#Sec38}
----------

It is useful to reformulate the discussion of the previous paragraph for the linear EFT, in order to point out a few worthy differences. The most general field redefinition for this case is $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathscr {L}_{\text {SM}}&\rightarrow \mathscr {L}_{\text {SM}} +\frac{ia}{f_a}\sum _{\psi = Q,\,L}\left[ {\bar{\psi }}_{L}\mathbf{\Phi } \left( x_\Phi \sigma ^3 \mathbf{Y}_\psi {+}x_{\psi L}{} \mathbf{Y}_\psi \right. \right. \nonumber \\&\quad \left. \left. {-}{} \mathbf{Y}_\psi x_{\psi R}\right) \psi _{R}+{\mathrm{h.c.}}\right] \nonumber \\&\quad +\sum _{\psi =u,d,e,\nu }\frac{\partial _\mu a}{2f_a}({\bar{\psi }}_{\alpha }\gamma ^\mu \gamma _5\psi _{\beta })(x_{\psi L}-x_{\psi R})_{\alpha \beta }\nonumber \\&\quad -ix_\Phi (\Phi ^\dag \overleftrightarrow {D}_\mu \Phi )\frac{\partial ^\mu a}{f_a}+\dfrac{\alpha _1}{{4}\pi }\,B_{\mu \nu }\tilde{B}^{\mu \nu }\frac{a}{f_a}\nonumber \\&\quad \times \sum \left( \frac{1}{6}x_{QL}-\frac{4}{3}x_{uR} -\frac{1}{3}x_{dR}+\dfrac{1}{2}x_{LL}-x_{eR}\right) \nonumber \\&\quad +\dfrac{\alpha _2}{8\pi }\, W_{\mu \nu }^a\tilde{W}^{a\mu \nu }\frac{a}{f_a}\sum \left( 3x_{QL}+x_{LL}\right) \nonumber \\&\quad +\dfrac{\alpha _3}{8\pi }\, G^a_{\mu \nu }\tilde{G}^{a\mu \nu }\frac{a}{f_a}\sum \left( 2x_{QL}-x_{uR}-x_{dR}\right) , \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\Phi ^\dag \overleftrightarrow {D}_\mu \Phi \equiv \Phi ^\dag D_\mu \Phi -(D_\mu \Phi )^\dag \Phi $$\end{document}$, and the last three lines are identical to those for non-linear case, Eq. ([110](#Equ113){ref-type=""}).
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                \begin{document}$$x_U$$\end{document}$. Moreover, it is also possible to choose in this linear case only one of the two axion--fermion operators (either the Yukawa-like or the vector--axial structure) by tuning the fermion field redefinitions, as described for the chiral case. For instance, focusing on the $\documentclass[12pt]{minimal}
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The major difference of the impact of the field redefinitions on the linear and chiral EFTs resides instead in the Higgs couplings: while in the linear case the operator $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {O}_{a\Phi }$$\end{document}$ is completely removed from the Lagrangian, including its couplings containing Higgs legs, this is not the case in the chiral case where only the pure *a*--*Z* two-point coupling is redefined away, as illustrated in Sect. [3.2](#Sec6){ref-type="sec"}, but in general not those involving the ALP, gauge bosons and Higgs legs. This follows from the fact that Higgs couplings and pure-gauge interactions are correlated in the linear case, while they are independent in the chiral one. The presence of couplings with the structure $\documentclass[12pt]{minimal}
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                \begin{document}$$d\ge 7$$\end{document}$; see Sect. [4](#Sec8){ref-type="sec"}).

The exception is the case in which the scalar manifold of the SM does not have a fixed point, as it would not admit then a linear representation for the Higgs; see Ref. \[[@CR32]\].

The set of Feynman rules stemming from the bosonic ALP effective Lagrangian can be found in Appendix [B](#Sec34){ref-type="sec"}.

In any case, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {A}_{\tilde{G}}$$\end{document}$ will play no role whatsoever in the analysis to be performed in this work.

We are indebted to Brian Shuve for stressing the impact of present rare-decay bounds for light axions.

The Feynman rules for all bosonic and fermionic vertices stemming from $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {A}_{17}(h)$$\end{document}$, up to four-field couplings, can be found in FR.7--FR.22 and FR.18--FR.19 of Appendix [B](#Sec34){ref-type="sec"}, respectively.

See also Ref. \[[@CR86]\], where a similar method has been applied to DM searches with the added feature of marginalizing over the unknown contribution of new physics beyond the cut-off.

As an example, the decay channel $\documentclass[12pt]{minimal}
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                \begin{document}$$e^+ e^-$$\end{document}$ signals; we thank Jos Vermaseren for this comment.

Near the GeV range and further up there are barely constraints \[[@CR35]\] on the value of $\documentclass[12pt]{minimal}
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                \begin{document}$$g_{a\gamma \gamma }$$\end{document}$. A more elaborate study of the ALP signals involving SM gauge bosons could be pertinent for that scenario, allowing for the corresponding decay channels to be taken into account. This is beyond the scope of this work.
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                \begin{document}$$aZ\gamma $$\end{document}$ vertex (see FR.14 and FR.3 in Appendix [B](#Sec34){ref-type="sec"}), whose strength is bounded from the *Z* width (see Sect. [6.1](#Sec11){ref-type="sec"}).

The Gaussian normalisation in Eq. ([84](#Equ84){ref-type=""}) is consistent as long as $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _i \ll 1$$\end{document}$, which is the case in our present analysis.

The impact of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {A}_8$$\end{document}$ is suppressed with respect to that from $\documentclass[12pt]{minimal}
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                \begin{document}$${\sim }(g/4\pi )^{2}$$\end{document}$ factor in the Feynman rule FR.5, as the squared matrix element of its contribution $\documentclass[12pt]{minimal}
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                \begin{document}$$\sim 2 \times 10^{-4}$$\end{document}$ for the charm quark).
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                \begin{document}$$c_{a\Phi }$$\end{document}$ -- is also mentioned in Table [2](#Tab2){ref-type="table"} in connection to these channels, contributing through the fermionic vertices that it induces. Nevertheless, this contribution is in any case much suppressed by ratios of quark mass over momentum.

The mono-*W* results are shown for electrons in the final state. Muon final states display similar sensitivities.
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                \begin{document}$$\mathcal {L}=3000\,{\mathrm{fb}^{-1}}$$\end{document}$ for the same reasons explained in Footnote 12.
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                \begin{document}$$\left( c_\theta ^2c_{\tilde{B}} + s_\theta ^2c_{\tilde{W}}\right) $$\end{document}$ and thus irrelevant; see Eq. ([23](#Equ23){ref-type=""}).
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                \begin{document}$$aW\gamma $$\end{document}$ channel including parton shower and a detector simulation is beyond the scope of this work and it is left for the future once the viability of the searches proposed is established.

We warn the reader that, while the sensitivity to $\documentclass[12pt]{minimal}
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                \begin{document}$$c_6$$\end{document}$ could be significantly modified. We leave a more precise assessment of this effect for future work.
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                \begin{document}$$a/a\gamma $$\end{document}$ production in VBF is significantly more involved, due to the difficulty in accurately modelling the important multijet background, and is left for the future.

Only tree-level insertions of the operators $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {A}_3$$\end{document}$ will be considered below.
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